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We build on Gruenhage, Natkaniec, and Piotrowski’s study of thin, very thin, and slim
dense sets in products, and the related notions of (NC) and (GC) which they introduced.
We ﬁnd examples of separable spaces X such that X2 has a thin or slim dense set but
no countable one. We characterize ordered spaces that satisfy (GC) and (NC), and we give
an example of a separable space which satisﬁes (GC) but not witnessed by a collection
of ﬁnite sets. We show that the question of when the topological sum of two countable
strongly irresolvable spaces satisﬁes (NC) is related to the Rudin–Keisler order on βω. We
also introduce and study the concepts of <κ-thin and superslim dense sets.
© 2011 Elsevier B.V. All rights reserved.
1. Background and deﬁnitions
The concepts of thin and very thin sets were deﬁned by Piotrowski [5]. Slim sets were deﬁned by Gruenhage in [3].
Deﬁnition 1.1. Let X =∏α<κ Xα be a product space, and let D ⊆ X .
1. D is thin if whenever x, y ∈ D with x = y, then |{α < κ: xα = yα}| > 1.
2. D is very thin if whenever x, y ∈ D with x = y, xα = yα for all α < κ .
3. D is slim if for every nonempty proper subset K ⊂ κ and ν ∈∏α∈K Xα , the set D ∩ C(ν) is nowhere dense in C(ν),
where C(ν) = {x ∈ X: x  K = ν} is the cross-section of X at ν . We will call D ∩ C(ν) the cross-section of D at ν .
In [3], Gruenhage, Natkaniec, and Piotrowski prove a variety of results about the existence and nonexistence of thin, very
thin, and slim dense sets in products of different spaces and in powers of a space. They also introduce the criteria (GC)
and (NC) on a space X :
(NC) There is a pairwise disjoint collection N of nowhere dense sets in X such that, given any ﬁnite collection U of
nonempty open sets in X , there is some N ∈ N which meets every U ∈ U .
(GC) There is a pairwise disjoint collection N of nowhere dense sets in X such that every nonempty open set U meets all
but ﬁnitely many N ∈ N .
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the deﬁnition of (NC) to have cardinality  k.
In this paper, we will address the question of very thin or slim dense sets of minimal cardinality. The ordered spaces
which satisfy (GC) and (NC) are characterized, and examples are given to demonstrate that separable spaces which sat-
isfy (GC) need not satisfy (GC) witnessed by a collection of ﬁnite sets. We relate (NC) on a sum of two strongly irresolvable
spaces to the relationship of related ultraﬁlters under the Rudin–Keisler order on βω. We also deﬁne and examine two
intermediary properties: <κ-thin, which is between thin and very thin; and superslim, which is between thin and slim, and
is shown to be equivalent to a version of (NC). Finally, we give some results relating the existence of <κ-thin dense sets to
the cardinalities of the factor space(s).
We will denote the βth coordinate of a point x ∈∏α<κ Xα by xβ or by x(β). All spaces are assumed to be Hausdorff,
and to have no isolated points, unless otherwise noted. κ is a cardinal number, and κ+ is the least cardinal greater than κ .
c = 2ω is the cardinality of the continuum.
The following observations will be used in the sequel without comment; their easy proofs are left to the reader.
(i) In the case of product of two spaces, D ⊆ X × Y is thin if and only if it is very thin.
(ii) If the space X satisﬁes (GC), then this fact is witnessed by a countably inﬁnite collection N .
(iii) If D is a dense subset of a space X and D satisﬁes (NC) (resp. (GC)), then so does X.
(iv) If D is a dense subset of a space X and D contains a thin (resp. very thin) dense set E, then E is a dense thin (resp. very thin) subset
of X .
2. Bounds on the cardinalities of special dense sets
A question concerning these special dense sets is whether a product space with a very thin dense or slim dense set must
have such a dense set having cardinality equal to the density of the space. We construct examples showing that the answer
is negative both for very thin and for slim sets. First we state a lemma about independent families of subsets of ω, which
is generally known but proved here for the convenience of the reader. Recall that a family {Aα: α < κ} of subsets of ω is
an independent family of subsets of ω iff whenever α1, . . . ,αn, β1, . . . , βm ∈ κ ,∣∣Aα1 ∩ · · · ∩ Aαn ∩ (ω\Aβ1)∩ · · · ∩ (ω\Aβm )∣∣=ω.
A maximal independent family is an independent family which is not strictly contained in any other independent family.
Lemma 2.1. Let τ be a topology on ω generated by an independent family {Aα: α < c}, such that whenever m < n < ω, there is an
α < c with |{m,n} ∩ Aα | = 1. Then (ω, τ ) embeds in 2c as a dense subset.
Proof. Let τ be a topology on ω generated by an independent family {Aα: α < c}. Let f :ω → 2c be given by f (n) = xn ,
where xn(α) = 1 if n ∈ Aα and xn(α) = 0 if n /∈ Aα .
Following the notation in [3], let basic open sets in (ω, τ ) be denoted by [σ ] =⋂α∈domσ Aσ(α)α where σ is a function
from a ﬁnite subset of c into 2, A1α = Aα , and A0α = ω\Aα . Denote basic open sets in 2c by Uσ =
⋂
α∈domσ π−1α (U
σ(α)
α ),
where σ is as above, U1α = {1} and U0α = {0}. Then,
xn ∈ Uσ ⇔ xn(α) = σ(α) ∀α ∈ domσ
⇔ ∀α ∈ domσ , σ (α) = 1 iff xn(α) = 1
⇔ ∀α ∈ domσ , σ (α) = 1 iff n ∈ Aα
⇔ n ∈ [σ ].
So the open sets in (ω, τ ) correspond exactly under f to the open sets in D = f (ω) ⊂ 2c .
To see that D is dense in 2c , let Uσ be a nonempty basic open set in 2c . Then there is a k ∈ ω in [σ ] =⋂ni=1 Aσ(αi)αi . The
corresponding xk = f (k) will be in Uσ ∩ D . 
We will use this set D , attached to the set F of points in 2c which only have ﬁnitely many coordinates equal to 1, to
obtain our counterexamples. First, we show some facts about F and D .
Proposition 2.2. Let F be the set of all points x ∈ 2c for which the set {α: xα = 1} is ﬁnite. Then F 2 has a very thin dense set.
Proof. Clearly, |F | = 
(F ) = w(F ) = πw(F ) = c; so F 2 has a very thin dense set by Proposition 2.1 in [3]. 
Now, we will observe that a countable set must be nowhere dense in F .
Proposition 2.3. If M ⊂ F and |M| < c, then M is nowhere dense in F .
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Uσ be an arbitrary basic open set in 2c . Choose some α ∈ c\A, α /∈ domσ , and deﬁne σ ′ as σ(α,1). Then Uσ ′ ⊆ Uσ and
Uσ ′ ∩ M = ∅. Since F is dense in 2c and Uσ was arbitrary, M is nowhere dense in F . 
However, D2 cannot contribute signiﬁcantly to a very thin dense set in (D ∪ F )2.
Proposition 2.4. Let D ⊆ 2c be as in Lemma 2.1, with the additional assumption that the independent family {Aα: α < c} is maximal
independent. Then D2 contains no very thin dense subset.
Proof. First, let us show that the subspace D is irresolvable. Suppose not, and choose two disjoint dense sets A and B
in D . Since the mapping f : (ω, τ ) → D is a homeomorphism, both sets f −1(A) and f −1(D\A) are dense in (ω, τ ), which
contradicts the assumption that the topology τ is generated by a maximal independent family.
Now, suppose E ⊆ D2 is very thin and dense. As shown in Lemma 4 in [6], the mapping φ :π1(E) → π2(E), deﬁned
by φ(x) = y iff (x, y) ∈ E , is one-to-one and onto, and has the property that the image under φ of every nonempty open
subset of D is dense in D . (This is because if U and V are arbitrary nonempty open sets of D , U × V is open in D2 and
must contain some (x, φ(x)) ∈ E .) But then, the sets φ( f (A0)) and φ( f (ω\A0)) are disjoint, and both are dense in D , which
contradicts the irresolvability of D . 
We will now apply these facts.
Example 2.5. There is a separable space X such that X2 has a very thin dense subset, but X2 does not have a countable
very thin dense subset.
Proof. Let F be as in Proposition 2.2, D as in Proposition 2.4, and let X = D ∪ F . Then X2 has a countable dense set,
namely D2, and a very thin dense set, namely the very thin dense subset of F 2 given by Proposition 2.2. If E is a countable
dense subset of X2, then E ∩ π−11 (F ) is nowhere dense in X2, since π1(E ∩ π−11 (F )) is nowhere dense in X by Proposi-
tion 2.3, and similarly for E ∩π−12 (F ). So E ∩ D2 is dense in X2 and by Proposition 2.4, it cannot be very thin. 
Example 2.6 (CH). There is a separable space X such that X2 has a very thin dense subset, but X2 does not have a countable
slim dense subset.
Proof. Consider the set X = D ∪ F where D is homeomorphic to the space (ω, τ ) constructed in Example 3.4 in [3]. That
is, with the help of (CH), a maximal independent family was found in such a way that any slim set in D2 is nowhere dense.
As shown in Example 2.5, each countable dense subset E of X2 has a dense intersection with D2. Consequently, E cannot
be slim. 
3. (GC) and (NC)
3.1. Cardinalities of collections witnessing (GC) and (NC)
In [3], many of the results which show that certain types of spaces satisfy (GC) or (NC) result in the collection N
consisting of ﬁnite sets. It is possible, however, for a separable space which satisﬁes (GC) to have no collection of ﬁnite sets
witnessing the property.
Example 3.1. Let X = D ∪ F as in Proposition 2.2. Then X is separable and satisﬁes (GC), but no collection of ﬁnite sets will
witness (GC).
Proof. A collection witnessing (GC) in X is N = {Nk: k ∈ ω} where for each k < ω, Nk = {x ∈ F : |{α < c: πα(x) = 1}| = k}.
It is clear that the elements of N are pairwise disjoint. To see that the Nk ’s are nowhere dense, observe that Nk = {x ∈ X :
|{α < c: πα(x) = 1}|  k}. Any basic open set U in X contains points with arbitrarily many coordinates equal to 1; hence
U  Nk . So Nk is nowhere dense.
Finally, suppose U is a basic open set in X . Then U is the restriction to X of a set of the form
⋂n
i=1π−1αi ({1}) ∩⋂m
j=1π−1α j ({0}). So points in U have at least n ones, and U misses Nk for all k < n. However, U contains points with
any ﬁnite number of ones greater than or equal to n, so U ∩ Nk = ∅ for all k n. Thus, N witnesses (GC).
Now suppose that N is a collection of ﬁnite sets which witnesses (GC). Then ⋃N is countable and by Proposition 2.3,
F ∩⋃N is nowhere dense. If Nk , k <ω, and Mk , k <ω are disjoint countable subcollections of N , then ⋃∞k=0(Nk ∩ D) and⋃∞
k=0(Mk ∩ D) must both be dense in X and are disjoint. But this contradicts the irresolvability of D . 
We now see that in any non-separable space, no collection of ﬁnite or countable sets can witness (GC).
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or countable sets.
Proof. Suppose N is a collection of pairwise disjoint nowhere dense sets in a non-separable space X , and there is a
countably inﬁnite subcollection M of N for which each N ∈ M is ﬁnite or countable. Any inﬁnite subcollection of N must
still witness (GC), so
⋃M is a countable dense set in X . This is contradicts that X is not separable. 
Since any inﬁnite subcollection of a collection witnessing (GC) also witnesses (GC), we may assume that every member
of a (GC) collection in a non-separable space is uncountable. We apply this speciﬁcally to the lexicographic square, which
satisﬁes (GC).
Example 3.3. There is a space satisfying (GC), in which no collection of ﬁnite or countable sets can witness (GC).
Proof. Let X = ([0,1]2, τ ), where τ is the topology generated by the lexicographic order.
Since X is not separable, Proposition 3.2 implies that a collection witnessing (GC) cannot contain more than ﬁnitely
many ﬁnite or countable sets.
Let us construct an N showing that X satisﬁes (GC). For each prime p, let Np = {(x,a/p): x ∈ R, a ∈ N, 1  a < p}.
Suppose p1 = p2; then if (x, y) ∈ Np1 ∩ Np2 , y = a1p1 = a2p2 , which is impossible, since the fractions are both in lowest terms.
Also, Int(Np) = Int(Np ∪ ((0,1] × {0})∪ ([0,1)× {1})) = ∅, so the Np ’s are nowhere dense. If U ⊂ X is open, there is a basic
open interval contained in U of the form ((x,a), (x,b)). Then U must meet at least all Np for which 1/p < (b − a); that is,
all p > 1b−a or all but ﬁnitely many p. So N = {Np: p prime} witnesses (GC) in X . 
3.2. Ordered spaces and (GC)
We examine the conditions under which ordered spaces satisfy (GC). First, we look at linearly ordered spaces (LOTS),
and then at generalized ordered spaces (GO-spaces). We begin with a lemma which is true whether X is ordered or not.
Lemma 3.4. If X has a dense metrizable subspace without isolated points, then X satisﬁes (GC).
Proof. By Proposition 4.2 in [3], every metrizable dense-in-itself space satisﬁes (GC), so this follows directly from observa-
tion (iii) in the introduction. 
We now characterize the ordered spaces which satisfy (GC).
Lemma 3.5. If a LOTS satisﬁes (GC), it has a σ -disjoint π -base.
Proof. Suppose N = {Nk: k < ω} is a collection witnessing (GC) in a linearly ordered space X . For each k < ω, deﬁne
Uk = X\(N0 ∪ N1 ∪ · · · ∪ Nk). Uk is open, so it may be written as a collection Ik of disjoint open intervals. Let B =⋃k<ω Ik .
Obviously B is σ -disjoint. We claim that each nonempty interval (a,b) ⊂ X contains a member of B.
Since (a,b) is open, it must meet all but ﬁnitely many members of N . In particular, there are k, l < ω such that Nk
and Nl both meet (a,b), say at ck and cl . Without loss of generality, ck < cl . Then, for any m > max{k, l}, ck and cl are in
M := N0 ∪ N1 ∪ · · · ∪ Nm . M is nowhere dense in X , so it is nowhere dense in (ck, cl). Thus, Im contains an interval which
is contained in (ck, cl), say I . Then I ⊂ (a,b) and I ∈ B. So B is a σ -disjoint π -base for X . 
If X is a Baire LOTS, the converse of Lemma 3.4 is true.
Theorem 3.6. Let X be a linearly ordered space such that no point has an immediate successor. If X is Baire and satisﬁes (GC), X has a
dense metrizable subspace.
Proof. Let X be a Baire LOTS which satisﬁes (GC), witnessed by a collection N = {Nk: k < ω}. For each k < ω, deﬁne
Uk = X\(N0 ∪ N1 ∪ · · · ∪ Nk). Since the Nk ’s are nowhere dense, each Uk is dense and open; so Y =⋂k<ω Uk is dense in the
Baire space X . We will show that Y is metrizable by constructing a σ -discrete open base for Y .
Consider the σ -disjoint π -base
⋃
k<ω Ik for X given in the proof of Lemma 3.5. Note that for each k,
⋃Ik = Uk . Let B
be the restriction of this π -base to Y . If x ∈ Y , then x ∈⋃Ik for all k <ω. Since Ik is a collection of disjoint open intervals,
this means that the interval J ∈ Ik containing x is a neighborhood of x which does not meet any other members of Ik .
Thus, J ∩ Y witnesses that {I ∩ Y : I ∈ Ik} is locally ﬁnite.
To see that B forms a base for Y , let x ∈ (a,b)∩ Y , where (a,b) is a basic open set in X . By (GC), there are some k, l <ω
and c ∈ Nk , d ∈ Nl with c ∈ (a, x) and d ∈ (x,b). (Notice that (a, x) = ∅ = (x,b), since x is not an immediate successor of a
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(c,d) ⊆ (a,b).
So Y has a σ -discrete open base and this means that Y is metrizable. 
Combining Lemma 3.4 and Theorem 3.6 shows that a Baire dense-in-itself LOTS satisﬁes (GC) iff it has a dense metrizable
subspace. For non-Baire spaces, this is not true, as the following example shows.
Example 3.7. There is a LOTS satisfying (GC) which does not have a dense metrizable subspace.
Proof. The space is Gruenhage and Lutzer’s example of a LOTS that is Volterra but not Baire. In [2], they show that
Volterra= Baire in any space with a dense metrizable subspace; so this space clearly does not have such a subspace.
Let X be the set of all functions f from ω1 to the integers with the property that f (α) = 0 for all but ﬁnitely many α;
give X the topology generated by the lexicographic order. A neighborhood base at each f ∈ X is {B( f ,α): α < ω1}, where
B( f ,α) = {g ∈ X: ∀β  α, g(β) = f (β)}.
For each k < ω, let Nk = { f ∈ X: |{α < ω1: f (α) = 0}| = k}. The collection N = {Nk: k < ω} is clearly pairwise disjoint.
If f ∈ X is nonzero for at least k+ 1 coordinates, then there is α <ω1 such that f (x) = 0 for at least k+ 1 coordinates less
than α; so B( f ,α) ∩ Nk = ∅. Thus, Nk ⊆ { f ∈ X: |{α < ω1: f (α) = 0}|  k}. This cannot contain any B(g, β), since these
open sets contain points with arbitrarily many nonzero coordinates. So each Nk is nowhere dense.
Now, let U ⊂ X be open and nonempty. Then there exist f and α such that B( f ,α) ⊂ U . Let K = |{β: f (β) = 0 and
β  α}|. Then, since every g ∈ B( f ,α) must agree with f up to the αth coordinate, every g in B( f ,α) has at least K
nonzero coordinates. In fact, for every n > K , there is a g ∈ B( f ,α) with n nonzero coordinates. So B( f ,α) ∩ Nk = ∅ for all
k > K .
Thus, N witnesses (GC) in X . 
We will now build on our work with linearly ordered spaces to obtain a more general result: the characterization of all
GO-spaces which satisfy (GC).
Theorem 3.8. A GO-space with no isolated points satisﬁes (GC) iff it has a σ -disjoint π -base.
Proof. (⇒) Suppose a GO-space X satisﬁes (GC). X may be considered the dense subspace of a LOTS L. Thus, L satisﬁes (GC),
which means that L has a σ -disjoint π -base (Lemma 3.5). Restricting the members of this π -base to X will give a σ -disjoint
π -base for X .
(⇐) Suppose X is a GO-space with no isolated points, and B =⋃n<ω Bn is a σ -disjoint π -base for X , such that each Bn
is a disjoint collection. Without loss of generality, we may assume that the elements of B are convex open sets.
For each n, consider
⋃Bn . If this is not dense in X , then X\⋃Bn is a nonempty open set; write it as a collection of
disjoint convex open sets {Uα: α < A}. Let Cn = Bn ∪ {Uα: α ∈ A}. Note that ⋃Cn is dense in X , and Cn is a collection of
disjoint convex open sets.
We will deﬁne In , n <ω, by induction. Let I0 = C0. For each n > 0, let In = {U ∩ V : U ∈ Cn, V ∈ In−1}. Note that In is
a disjoint collection of convex open sets: If x ∈ (U1 ∩ V1) ∩ (U2 ∩ V2) for some U1 ∩ V1,U2 ∩ V2 ∈ I ′n , then x ∈ U1 ∩ U2 ⇒
U1 = U2, since the elements of Cn are pairwise disjoint. Similarly, x ∈ V1 ∩ V2 and V1, V2 ∈ In−1 implies that V1 = V2. So
U1 ∩ V1 = U2 ∩ V2.
Also,
⋃In is still dense in X . Moreover, I =⋃n<ω In is a π -base, since ⋃n∈ω Cn contains a π -base and every member
of Cn contains some member of an Ik .
Now, we will use I to deﬁne, by induction, the collection N witnessing (GC). Pick an element xI0 ∈ I from each I ∈ I0.
Set N0 = {xI0 | I ∈ I0}. If Nk has been deﬁned, for each I ∈ Ik+1, consider the set F I = {x Jn | I ⊆ J and J ∈ In, n k}. Observe
that there are only ﬁnitely many In ’s with n k. By the construction, the members of In are pairwise disjoint; so there can
only be one J in each In with I ⊆ J . So F I is a ﬁnite set.
Now, for each I ∈ Ik+1, chose an element xIk+1 ∈ I\F I . Since X is a T2 space without isolated points, and each I ∈ Ik+1
is open, I is inﬁnite; so this is always possible. Let Nk+1 = {xIk+1 | I ∈ Ik+1}.
Since X has no isolated points, I\F I is open; it is also dense in I . Thus, since each ⋃Ik is open and dense in X , so
is each Uk =⋃{I\F I : I ∈ Ik}. Thus, X\Uk is nowhere dense; in particular, Nk−1 ⊆ X\Uk is nowhere dense. (Recall that F I
contains the points xIk−1.) Also, by construction, Nk ∩ Nl = ∅ if k = l; so we see that N = {Nk | k < ω} is a pairwise disjoint
collection of nowhere dense sets.
It remains to see that N witnesses (GC) in X . Let U be a nonempty open subset of X . Then, U contains a member of the
π -base I . Say I0 ∈ Ik is contained in U . Then xI0k ∈ I0 ⊆ U implies that U ∩ Nk = ∅. Now, by the construction of the In ’s,
there is an I1 ∈ Ik+1, with I1 ⊆ I0. Since xI1k+1 ∈ I1 ∩ Nk+1, and I1 ⊆ U , U ∩ Nk+1 = ∅. Continuing in this way, we can ﬁnd
In ∈ Ik+n which is contained in U ; the xInk+n chosen to be in In at stage k + n of the induction will be in Nk+n ∩ U . So U
meets all but ﬁnitely members of N . 
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Example 3.9. A Souslin line cannot satisfy (GC).
Proof. Recall that a Souslin line is a dense linearly ordered space which is (ccc) but not separable. Let S be a Souslin line
with no isolated points. (Note that spaces with isolated points cannot satisfy (GC).) Suppose S satisﬁes (GC); then there is
a σ -disjoint π -base in S . But, S is ccc; so the π -base will be countable, and choosing a point from each member of the
π -base gives a countable dense set in S , which is impossible. So S cannot satisfy (GC). 
3.3. Ordered spaces and (NC)
We consider next the conditions under which an ordered space satisﬁes (NC).
Lemma 3.10. If a space X satisﬁes (NC), then there is a collection of cardinality at most 
(X) which witnesses (NC).
Proof. Suppose N witnesses (NC) in X , and that U ⊂ X is open, with |U | = 
(X). Let V = X\U . Deﬁne N ′ = {N ∈ N : N ∩
U = ∅}. The members of N ′ are clearly pairwise disjoint, and since each meets U , there can be at most |U | = 
(X) of them.
We claim that N ′ witnesses (NC). Given a ﬁnite collection U of open sets in X , there is N ∈ N such that N meets every
member of U ∪ {U }. Then N is in N ′ , and so N ′ witnesses (NC). 
Note that this shows also that whenever N witnesses (NC) in a space X , and U ⊂ X is open, the subcollection NU =
{N ∈ N : U ∩ N = ∅} also witnesses (NC) in X .
Example 3.11. There is a LOTS which does not satisfy (NC).
Proof. The space is X = Q⊕Y , where Q is the rationals with the usual topology and Y is the set Zω1 with the lexicographic
order topology.
Because 
(X) = ω (since Q is an open subspace), Lemma 3.10 shows that if X satisﬁes (NC), there is a countable
collection N witnessing (NC). When the members of N are restricted to Y , they form a countable collection {Nk: k ∈ ω} of
nowhere dense sets in Y whose union must be dense in Y (as this restricted collection should satisfy (NC) in Y ). But this is
impossible since Y is a P-space. Thus X cannot satisfy (NC). 
This example failed to satisfy (NC) because it contained disjoint subspaces on which the cardinality and structure of
the open sets varied widely. We now show that if a space is in some sense similar enough at each point, then it does
satisfy (NC).
Proposition 3.12. Let X be a space with the property that each point has a neighborhood of cardinality 
(X), and a local π -base of
cardinality 
(X). Then X satisﬁes (NC).
Proof. Fix a maximal pairwise disjoint collection C = {Cα: α < |X |} of open subsets of X , each of size λ = 
(X). For each α,
there is a π -base Bα for Cα of cardinality λ. (For instance, we could take Bα to be the union of the local π -bases of size λ
for each of the λ-many points of Cα .) Index Bα as {Bαβ : β < λ}. Since 
(X) is the minimum cardinality of an open set, and
each Bαβ is contained in the open set Cα which has size λ, |Bαβ | = λ for each α, β . Index the collection of all ﬁnite subsets
of λ as {Fγ : γ < λ}. For each γ < λ, let Aγ = {Bαβ : α < |X |, β ∈ Fγ }. That is, Aγ is the collection of all π -base elements
whose index is in Fγ , across all the Cα ’s. Choose sets Nγ by induction so that:
• Nγ contains one point from each element of Aγ ,
• Nγ ′ ∩ Nγ = ∅ for all γ ′ < γ . (This is possible because |Bαβ | = λ > γ for all α, β .)
Note that since each Nγ has ﬁnite intersection with each Cα , the Nγ ’s are nowhere dense.
To see that N = {Nγ : γ < λ} witnesses (NC) in X , let U1, . . . ,Un be a pairwise disjoint collection of open sets in X . For
each Ui , choose a Cαi ∈ C such that Ui ∩ Cαi = ∅. For each i, Ui ∩ Cαi is an open subset of Cαi , so it contains an element
Bαiβi ∈ Bαi . The collection of indices {β1, β2, . . . , βn} is a ﬁnite subset of λ, so it was one of the Fγ ’s. Then, Nγ contains a
point from Bαβi for each i = 1, . . . ,n and for every α < |X |, in particular for α1, . . . ,αn . Thus, Nγ ∩ Ui ⊃ Nγ ∩ B
αi
βi
= ∅ for
each i = 1,2, . . . ,n. 
In particular, we may apply this proposition to an ordered space. The fact that the intervals are a base gives us the
uniformity we need, as long as we have one interval for each point that matches a standard.
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(X) containing that point, satis-
ﬁes (NC).
Proof. If I is such an interval, a local π -base of cardinality 
(X) is given by {(a,b): a < b; a,b ∈ I}. 
In [3], the authors show that if a collection N witnesses (NC2) in a strongly irresolvable space X , the family F of all
M ⊂ N such that M also witnesses (NC2) in X is an ultraﬁlter on N . They also show that in a strongly irresolvable
space, a collection N witnesses (NC2) if and only if it witnesses (NC). So in strongly irresolvable spaces, we have similar
ultraﬁlters on the collections which witness (NC). These ultraﬁlters may be used to characterize the conditions under which
X ⊕ Y satisﬁes (NC), given that X and Y are strongly irresolvable and satisfy (NC).
Theorem 3.14. Let X and Y be strongly irresolvable spaces which satisfy (NC). X ⊕ Y satisﬁes (NC) if and only if there are collec-
tions NX , NY witnessing (NC) in X and Y respectively, and a function f :NX → NY such that f (M) ∈ FY for all M ∈ FX and
f −1(M) ∈ FX for all M ∈ FY (where FX , FY are the ultraﬁlters on NX and NY respectively, discussed above).
Proof. (⇐) Suppose we have such a function from NX to NY , and for N ∈ NY , consider f −1(N) ⊂ NX . Since FY is an
ultraﬁlter on N and {N} does not witness (NC) and thus is not in FY , NY \{N} ∈ FY . So f −1(NY \{N}) = NX\ f −1(N) ∈ FX ,
and
⋃NX\ f −1(N) is dense in X . Since X is strongly irresolvable, this means that ⋃ f −1(N) must be nowhere dense.
Deﬁne NX⊕Y to be {N ∪ (⋃ f −1(N)): N ∈ NY }. Since f is a function, this is a pairwise disjoint collection of sets in
X ⊕ Y . Each N ∪ (⋃ f −1(N)) is nowhere dense, since N ∈ NY and we have shown that f −1(N) is nowhere dense.
To see that NX⊕Y witnesses (NC), it is enough to show that if U1, . . . ,Un is a collection of pairwise disjoint open sets
in X and V1, . . . , Vk is a collection of pairwise disjoint open sets in Y , there is an element of NX⊕Y which meets each
of U1, . . . ,Un, V1, . . . , Vk . For an open set U ⊂ X , deﬁne MU to be the set of elements of NX which meet U . By the
remark after Lemma 3.10, MU ∈ FX . Since FX is a ﬁlter, M := MU1 ∩ MU2 ∩ · · · ∩ MUn ∈ FX . Consider f (M) ∈ FY .
f (M) witnesses (NC), so there is an NY ∈ f (M) which meets every member of {V1, . . . , Vk}. Then, f −1(NY ) ⊂ M, so⋃
f −1(NY ) meets each of the U ’s. Thus, NY ∪ (⋃ f −1(NY )) ∈ NX⊕Y and meets each of the U ’s and V ’s.
(⇒) Suppose X ⊕ Y satisﬁes (NC), witnessed by a collection NX⊕Y . Without loss of generality, we may assume that each
member of NX⊕Y meets both X and Y . Indeed, since X and Y are each open in X ⊕ Y , MX = {N ∈ NX⊕Y : X ∩ N = ∅}
and MY = {N ∈ NX⊕Y : Y ∩ N = ∅} are in FX⊕Y . So MX ∩ MY ∈ FX⊕Y , and if necessary we will use MX ∩ MY in place
of NX⊕Y .
Deﬁne
NX = {N ∩ X: N ∈ NX⊕Y },
NY = {N ∩ Y : N ∈ NX⊕Y },
f :NX → NY :N ∩ X → N ∩ Y .
It is clear that NX witnesses (NC) in X and NY witnesses (NC) in Y . Let FX , FY be the ultraﬁlters associated with NX
and NY , respectively.
Claim. Let M ∈ FX . M˜ := {N ∈ NX⊕Y : N ∩ X ∈ M} ∈ FX⊕Y .
It is enough to show that
⋃M˜ is dense in X ⊕ Y (see proof of Lemma 4.13 in [3]). Suppose that there is an open set
U ⊂ X ⊕ Y which does not meet ⋃M˜, and consider MU = {N ∈ NX⊕Y : N ∩ U = ∅} ∈ FX⊕Y . MU ∩ M˜ = ∅, since every
member of MU meets U and no member of M˜ meets U . Since these are both subcollections of the pairwise disjoint
collection NX⊕Y ,
⋃MU and ⋃M˜ are disjoint. But ⋃MU is dense in X ⊕ Y , hence in X ; and (⋃M˜) ∩ X =⋃M is also
dense in X . This contradicts that X is strongly irresolvable. So
⋃M˜ must be dense in X ⊕ Y , and M˜ ∈ FX⊕Y .
Now, for M ∈ FX ,
f (M) = {Y ∩ N: N ∩ X ∈ M}
= {Y ∩ N: N ∈ M˜}.
Since M˜ witnesses (NC) in X ⊕ Y , f (M) witnesses (NC) in Y . So f (M) ∈ FY .
Similarly, f −1(M) ∈ FX for each M ∈ FY . 
When NX and NY are countable, the ultraﬁlters FX and FY may be regarded as members of βω. In this case, the
function condition described above is the statement that FX FY , where  is the Rudin–Keisler order on βω. Recall that
when p,q ∈ βω, p  q iff there is a function f :ω → ω such that β f (q) = p, where β f is the Stone extension of f . It
is well known (see, for instance, [4]) that β f (q) = p is equivalent to ∀Q ∈ q ( f (Q ) ∈ p), which is equivalent to ∀P ∈ p
( f −1(P ) ∈ q). Thus, we have:
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tively, X ⊕ Y satisﬁes (NC) if and only if FX is Rudin–Keisler equivalent to FY .
Proof. FX FY ⇔ X ⊕ Y satisﬁes (NC) ⇔ Y ⊕ X satisﬁes (NC) ⇔ FY FX . 
4. <κ-thin dense sets
A question which naturally arises when considering thin and very thin dense sets in product spaces is the gap between
the two concepts. Distinct points in thin sets need only differ at more than one coordinate, while all coordinates of distinct
points in very thin sets must be different. We will consider the following intermediate deﬁnition.
Deﬁnition 4.1. Let D be a subset of
∏
α<λ Xα and let κ be a cardinal less than or equal to λ. D is <κ-thin if for any x, y ∈ D ,
x = y, |{α < λ: xα = yα}| < κ .
In the case that κ = λ is regular, this is equivalent to: D is <κ-thin if for any x, y ∈ D , x = y, there is an α∗ < κ such
that xα = yα for all α > α∗ .
We will consider when products of κ-many spaces have <κ-thin dense sets, for an inﬁnite cardinal κ . Note that if
|X | κ , then Xκ has a (more than) <κ-thin dense set by Theorem 2.4 in [3]. We will now show that there is a <κ+-thin
dense set in a product of κ+ different spaces, provided each factor space has a dense subset of size κ . We will need the
following previously established fact (see, e.g., [1]):
Lemma 4.2. If κ is an inﬁnite cardinal, there is a family { fξ : ξ < κ+} of functions from κ+ to κ , with the property that ifψ < γ < κ+ ,
|{α < κ+: fψ(α) = fγ (α)}| κ .
Such a family is called almost disjoint or eventually different. We can now prove:
Theorem 4.3. For each α < κ+ , let Xα have a dense subset of size κ . Then
∏
α<κ+ Xα has a <κ
+-thin dense set.
Proof. For each α < κ+ , let Dα = {dαξ : ξ < κ} be the dense set in Xα , indexed without repetition. Let F = { fβ : β < κ+}
be the family of all functions f from a ﬁnite subset of κ+ into κ . Let {gβ : β < κ+} be a family of κ+ almost disjoint
functions from κ+ to κ . Deﬁne eβ ∈∏α<κ+ Xα as follows: eβ(α) = dαfβ (α) for all α ∈ dom fβ and eβ(α) = dαgβ (α) otherwise.
Then the set E = {eβ : β < κ+} is <κ+-thin dense: E is dense because, given any basic open set ⋂ni=1π−1αi (Ui), there is a
function fβ ∈ F with dom fβ = {α1, . . . ,αn} and dαifβ (αi) ∈ Ui . Given eα, eβ ∈ E , with α = β , for all but ﬁnitely many γ ∈ κ+ ,
eα(γ ) is d
γ
gα(γ )
and eβ(γ ) is d
γ
gβ (γ )
. Since gα , gβ are almost disjoint functions on κ+ , they agree on at most κ < κ+ points
of κ+ . Thus, E is <κ+-thin. 
In particular, Theorem 4.3 says that if X is separable, Xω1 has a <ω1-thin dense set.
In the case of small (relative to the power) factor spaces, the situation relates directly to the existence of a very thin
dense set.
Theorem 4.4. If κ is an inﬁnite regular cardinal and |X |+ < κ , any <κ-thin set in Xκ has cardinality  |X |.
Proof. Suppose E is a <κ-thin set in Xκ with |E| > |X |. Choose a set D consisting of |X |+ distinct points from E; say
D = {dα: α < |X |+}. For each (α,β) in |X |+ × |X |+ with α < β , let γ(α,β) be the least element of κ with the property
that dα(γ ) = dβ(γ ) for all γ > γ(α,β) . This is possible because E is <κ-thin. Let γ ∗ = sup{γ(α,β): α < β < |X |+}. Note
that since |X |+ × |X |+ < κ , and κ is regular, γ ∗ < κ . Then, for all γ > γ ∗ and α,β ∈ |X |+ , dα(γ ) = dβ(γ ). That is, D ′ =
{(dαγ )(γ>γ ∗): dα ∈ D} is very thin. Thus, |D ′|  |X |, and |D| = |D ′|. This contradicts our choice of |D| > |X |, so Xκ has no
<κ-thin subset of size greater than |X |. 
A speciﬁc consequence of this is:
Corollary 4.5. If |Xα | <ω for all α <ω1 , there is no <ω1-thin dense set in∏α<ω1 Xα .
Proof. Let A ⊂ ω1 be such that |Xα | = k for all α ∈ A, where k is some ﬁnite number. Then, a <ω1-thin dense set in∏
α<ω1
Xα will give a <ω1-thin dense set in
∏
α∈A Xα by restricting the coordinates.
∏
α∈A Xα is the same as kω1 , and
by Theorem 4.4, a <ω1-thin set in kω1 has size  k, and thus cannot be dense. So there is no <ω1-thin dense set in∏
α<ω1
Xα . 
Theorem 4.4’s effect on the existence of a <κ-thin dense set may now be clearly seen.
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Proof. (⇐) A very thin set is <κ-thin.
(⇒) Let D be a <κ-thin dense set in Xκ . Then, the construction in Theorem 4.4 gives a very thin set D ′ ⊂ Xκ consisting
of the tails of points of D . Since D was dense, so is D ′ . 
Corollary 4.7. If X is countably inﬁnite, then Xc
+
has no <c+-thin dense set.
Proof. Any <c+-thin set in Xc+ gives a very thin set in Xc+ , which must then be countable; but it is well known that a
product of c+ Hausdorff spaces cannot be separable. 
5. Superslim dense sets
The deﬁnition of a slim set explicitly places a restriction on the cross-sections, requiring them to be nowhere dense.
However, very thin also restricts cross-sections. One can consider a very thin set to be one for which the cross-sections
are singletons. Indeed, suppose D ⊂∏α<κ Xα is very thin, and consider the cross-section of D at some ν ∈∏α∈K Xα .
D ∩ C(ν) = {x ∈ D: x  K = ν}; but this means that we have ﬁxed at least one coordinate, say α; so D ∩ C(ν) ⊆ {x ∈ D |
x(α) = ν(α)}, which has only one point. So, once again, we observe a gap between two deﬁned notions. We consider a
cross-section based property which is, in this sense, between slim and very thin.
Deﬁnition 5.1. A subset S of
∏
α<κ Xα is superslim iff every cross-section of S is ﬁnite.
Suppose S ⊂ Xκ is superslim; since {s ∈ S: s(α) = x} is a cross-section for each α < κ , x ∈ X , each point x ∈ X can appear
at most ﬁnitely many times in each coordinate. On the other hand, suppose T ⊂ Xκ is such that T (x,α) = {t ∈ T : t(α) = x}
is ﬁnite for each α < κ , t ∈ T . Since any cross-section will involve ﬁxing one or more coordinates, and thus be contained in
a T (x,α), this condition implies that T is superslim. So S ⊆ Xκ is superslim iff each point of X appears only ﬁnitely many
times in each coordinate of s ∈ S .
For a ﬁnite power, the existence of a superslim dense set is related to the factor space satisfying a strengthened version
of the property (NCk).
Proposition 5.2. Let k <ω.
(a) If X satisﬁes (NCk) witnessed by a collection of ﬁnite sets, then Xk has a superslim dense set.
(b) If Xk has a countable superslim dense set, then X satisﬁes (NCk) witnessed by a countable collection of ﬁnite sets.
Proof. Both parts are modeled after proofs in [3]; the ﬁrst after Proposition 4.1(2), and the second after Proposition 4.10.
(a) Suppose X satisﬁes (NCk), witnessed by the collection N = {Nα: α < λ}, where for each α, |Nα | < ω. Let D =⋃
α<λ(Nα)
k . We will see that D is superslim and dense.
Fix an element d0 ∈ D , and consider the set C(d0,α) = {d ∈ D | d(α) = d0(α)}. Since the members of N are pairwise
disjoint, there is a unique β < λ such that d0(α) ∈ Nβ . But then, by construction of D , any d ∈ C(d0,α) must be in (Nβ)k ,
which is a ﬁnite set. Thus, any point of X will appear only ﬁnitely many times in the αth coordinate; so D is superslim.
To see that D is dense, let
∏
i<k Ui be a basic open set in X
k . Since N satisﬁes (NCk), there is an Nα ∈ N which meets
each member of {U0, . . . ,Uk−1}. Thus, (Nα)k ∩∏i<k Ui = ∅; so D is dense in Xk .
(b) Conversely, suppose that Xk has a countable superslim dense set D . For each d ∈ D , let c(d) be the set of coordinates
of d, and let c(D) =⋃{c(d): d ∈ D} = {xn: n ∈ ω}. Observe that c(D) is indeed countable because D is, and each c(d) is
ﬁnite. Also, c(D) is dense in X , so X is separable.
Deﬁne by induction a sequence of disjoint ﬁnite sets 〈Hn: n < ω〉: Let H0 = {x0}. If Hn has been deﬁned, let kn be the
least k ∈ ω such that xk /∈⋃in Hi . Let Hn+1 = {xkn } ∪⋃{c(d) | d ∈ D ∧ c(d)∩ Hn = ∅}\⋃in Hi . That is, we take xkn plus the
remaining unused coordinates of each point with a coordinate in Hn .
It is clear from the construction that Hn+1 is disjoint from Hi for i  n. Also, Hn+1 is ﬁnite: indeed, suppose x ∈ Hn+1.
Then {d ∈ D: d(i) = x} is ﬁnite for each i = 0,1, . . . ,n − 1, because D is superslim. So when we consider the coordinates of
all d in
⋃
in{d ∈ D: d(i) = x}, we still have a ﬁnite set. Thus, as long as Hn is ﬁnite, so is Hn+1; and we see that H0 is
ﬁnite.
Now, for each inﬁnite subset A of ω, enumerate A in an increasing fashion by {a0,a1, . . .}. Deﬁne
NA =
{ ⋃
ia0
Hi,
a1⋃
i=a0+1
Hi,
a2⋃
i=a1+1
Hi, . . .
}
.
We claim that for some A ⊆ω, NA witnesses (NCk).
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the property that no one member of NA meets all of them. Let A be an uncountable almost disjoint family of subsets
of ω. Since X is separable, X is (ccc); the collection {U (A,0): A ∈ A} is uncountable, so there must be an uncountable
subcollection A′ for which U (A,0) ∩ U (B,0) = ∅ for any A, B ∈ A′ . Then consider {U (A,1): A ∈ A′}; in the same way,
we ﬁnd that there is an uncountable subcollection A′′ ⊆ A′ with U (A,1) ∩ U (B,1) = ∅ for all A, B ∈ A′′ . Continuing this
process, we ﬁnd that there must be sets A, B ∈ A such that A = B but U (A, i)∩ U (B, i) = ∅ for each i = 0,1, . . . ,k − 1.
Consider the nonempty open subset of Xk given by U =∏i<k[U (A, i) ∩ U (B, i)]. There is a d ∈ D ∩ U , since D is dense.
By the construction of the Hn ’s, there must be an m such that c(d)∩ Hm = ∅. Let n be the least such m.
By construction, c(d) ⊆ Hn ∪ Hn+1: since n is the ﬁrst such that c(d) ∩ Hn = ∅, there are no coordinates of d in any
previous Hk; and when we constructed Hn+1, we would have therefore have included all remaining coordinates of c(d).
If n /∈ A, then some N ∈ NA contains both Hn and Hn+1. But then N meets each U (A, i) (speciﬁcally, at d(i)). This
contradicts that no member of NA meets each U (A, i); so n ∈ A. Similarly, n ∈ B .
Since A and B are members of an almost disjoint family, A ∩ B is ﬁnite. Each Hn is also ﬁnite; so ⋃n∈A∩B Hn is ﬁnite.
But we have just shown that each d ∈ D ∩ U must have a coordinate in this ﬁnite set. Since D is superslim, each coordinate
can appear only ﬁnitely many times; so D ∩ U is ﬁnite; but this contradicts denseness of D .
Therefore, some NA must witness (NCk) in X , and clearly the members of NA are ﬁnite. 
Question 5.3. What is the relationship between “Xω has a superslim dense set” and “X satisﬁes (NC) witnessed by a
collection of ﬁnite sets”?
This is more diﬃcult than the question settled by Proposition 5.2; the above proof does not extend because the sets Hn
as deﬁned above will not be ﬁnite. This in turn is because c(d) is not ﬁnite for most points d ∈ Xω . For the other direction,
the slim dense set constructed as in the proof will not be ﬁnite if the power in question is ω; Nωα does not remain ﬁnite
even if Nα is ﬁnite.
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